Abstract. The Chebyshev collocation method in [21] to solve stiff initial-value problems is generalized by using arbitrary degrees of interpolation polynomials and arbitrary collocation points. The convergence of this generalized Chebyshev collocation method is shown to be independent of the chosen collocation points. It is observed how the stability region does depend on collocation points. In particular, A-stability is shown by taking the mid points of nodes as collocation points.
Introduction
Owing to their importance in many mathematical problems, systems of ordinary differential equations have received considerable attention. These systems exhibit a critical behavior known as stiffness. A system of the form ϕ ′ (t) = f (t, ϕ(t)), ϕ(t 0 ) = ϕ 0 is called a stiff problem if the Jacobian of f has at least one eigenvalue λ with |λ| large (see [17] ). For solving stiff problems, whether a numerical method is A-stable is important because one can choose the step size based on accuracy considerations only, without worrying about stability constraints.
It is well-known that there is no A-stable explicit linear method with the convergence order larger than 2 (see [12] ). Curtiss and Hirschfelder in [11] suggested the backward differentiation formulae (BDF) whose A-stability is obtained only if it has the convergence order less than 2. Moreover, as the convergence order increases, the BDF scheme looses its stability more and more on a part of the imaginary axis. In particular, the schemes with convergence order larger than 7 are generally unstable, even at the origin (see [17] ). Since then, great efforts have been done to develop numerical integration methods with strong stability properties desirable for solving various stiff systems. In this respect, there are lots of different methods based on Runge-Kutta or power series approaches (see [3, 6, 7, 8, 14, 15, 24, 28, 18] ) and also the schemes based on the modification of the classical BDF (see [21, 17, 9, 10, 13, 19, 20, 27, 5] ).
Recently, Ramos and Vigo-Aguiar in [21] presented a new BDF-type method with the fourth order convergence and A(α) stability, α = 89.7473
• . The procedure consists of two simple steps. The first step is the interval approximation of the true solution based on the Chebyshev interpolation polynomial of the fourth degree at the Chebyshev-Gauss-Lobatto (CGL) points. The second step is to collocate the approximated equation with the same node points used in the Chebyshev approximation. Hereafter, we would like to call the scheme a Chebyshev collocation method (CCM). There were several related and continued studies [22, 25, 26] .
The goal of this paper is to generalize the Chebyshev collocation method in [21] with a concrete error analysis which employs the interpolation polynomials of arbitrary degrees and the arbitrary collocation points between the given interpolation nodes. It is proven that the convergence is independent of the choice of collocation points and that the scheme has a higher-order convergence (as one wants to have) with the usages of the interpolation polynomials of higher degrees. However, it turns out that the stability is quite sensitive to the choice of collocation points. It is a remarkable phenomenon that taking the mid points η j of the CGL points s j and s j+1 as collocation points makes the role of barrier for A-stability. If collocation points are chosen in the left interval [s j , η j ] of η j , then we get A(α)-stability for a sufficiently large α. This coincides with the result in [21] . Otherwise, the stability region becomes a finite domain. Overall, the stability region is shrinking more and more if collocation points are chosen continuously from the left interval [
The rest of the manuscript is presented as follows. Section 2 is devoted to the derivation of the approximate scheme based on a general interpolation polynomial and the abstract convergence analysis is given in Section 3. In Section 4, a special case with the Chebyshev interpolation polynomial at the CGL points is analyzed. The stability for the scheme is discussed in Section 5. Several test problems are performed in Section 6 to guarantee the convergence analysis and the discussion of the stability. Finally, in section 7 we conclude the manuscript with some comments.
Derivation of an approximation method
Let us consider a scalar stiff initial-value problem of the form
We assume that the function f in (2.1) satisfies all the necessary requirements for the existence of a unique solution.
Now that an approximation y m to the analytical solution ϕ(t) for the problem (2.1) at the time t m is known, we are interested in obtaining a numerical approximation y m+1 at the next point t m+1 = t m + h, where h is a given time step size.
To develop an accurate way of approximating ϕ(t m+1 ), we transform the solution ϕ(t) restricted to [ 
where {l k (s)} n k=0 are the basis functions such that l k (s j ) = δ kj . (Here δ kj denotes the Kronecker delta function.) From the property of interpolation, one can see
Let r n (s) be the truncation error for the interpolation p n (s) defined by
Then, the differential equation (2.3) can be written as
) ,
ds r n (s). Now it is required to calculate the coefficientsφ(s k ), k = 1, · · · , n in (2.6) with a suitable approximation method. To do this, we will use a simple collocation method at collocation points {η k } n k=1 with −1 ≤ η 1 < · · · < η n ≤ 1 for the equation (2.6) among other numerical methods. Instead of solving (2.6) exactly, we consider the collocation method approximating (2.6) which becomes: find
Here we will take the coefficient α 0 as y m of the approximation toφ(s 0 ) = ϕ(t m ). Then one can get the system of equations for j = 1, · · · , n,
where t mj = t(η j ). Note that the unknowns α k (k = 1, 2, · · · n) will be the approximate values toφ(s k ) = ϕ(t(s k )). Obviously, this algebraic system has to be solved by an iterative method. Solving the system (2.8), we obtain the required approximation α n to ϕ(t(s n )) = ϕ(t m + h), which will be taken as y m+1 at the final point t m+1 on the interval [t m , t m+1 ]. Repeating this procedure along the integration interval [t 0 , T ], a discrete solution for the problem in (2.1) is obtained. In the following section, we will provide the error analysis for α n −φ(s n ).
Remark 2.1. Note that the developed scheme in this section is also applicable to a system of ordinary differential equations of the form
where Φ :
Abstract error analysis
This section is devoting to give an abstract convergence analysis for the actual error
between the exact solution ϕ(t m+1 ) of (2.1) and the approximate solution y m+1 := α n of ϕ(t m+1 ) obtained by (2.8).
We begin this section with the introduction of several notations. With the analytic solutionφ(s) of the problem (2.3) and the approximate solution of the nonlinear system of algebraic equations (2.8) 
where α 0 = y m and the super script T denotes the transpose.
) .
The two equations (2.6) and (2.8) may be written as
for some χ j betweenφ(η j ) and p n (η j ). Using Taylor's theorem yields for j = 1, 2, · · · , n,
3) and (3.5) leads to
which can be written in a simple matrix form as
where the matrix J, vectors e and g are
respectively.
Define the matrix J 1 as Proof. Recall that the (j, k) component of the matrix 1 J 2 is nonsingular, where I is the identity matrix. Therefore, J = J 1 (
1 a should be exactly −1. Proof. From the property of the partition of unity (2.5), it can be easily check that
By the definition of J 1 and a, the above system can be written with the matrix form
Since J 1 is non-singular, the above equation yields J −1 1 a = −x which completes the proof.
2
] T be a n × 1 vector. For the vector a in Lemma 3.2 and the vector g in (3.11), let g 2 := g 1 − a, and r := −E m g 1 − g.
In virtue of the system equation (3.8) and Lemma 3.2, one can get (3.13)
where I is the identity matrix,
T and E m is defined in (3.1). From the definition of J, it can be observed that both ∥J 1 ∥ and ∥J −1 1 ∥ are uniformly bounded independent of the step size h. Thus, there is a constant C independent of h such that
Using the facts g 2 
−1 and the equation (3.13) , it is easy to check that (3.14)
for some constants C and D independent of h, where
Consequently, we show the following theorem. 
where C and D are the constants in (3.14).
Proof. By mathematical induction, it is easy to show that the difference equation (3.14) can be solved by
and so the inequality (3.17) provides the desired result. 
Special cases
In the previous section, we discussed the convergence of the proposed scheme for a general interpolation polynomial p n (s) interpolatingφ(s) which is the exact solution of (2.3).
In this section, we take the Chebyshev interpolation polynomial p n (s) such that
which interpolates the solutionφ(s) of (2.3) at the CGL points
Here T k (s) is the Chebyshev polynomial of first kind of degree k and the double prime indicates that both the first and last terms in the summation are to be halved. With the Chebyshev interpolation polynomial p n (s), we will show that the proposed scheme has the convergence of order n. That is, one can make a high-order convergence scheme as one wants to have with usages of the Chebyshev interpolation of degree n in (4.1).
It is well-known that the basis functions l k (s) defined in (4.3) satisfy (2.5). Furthermore it easily seen that the following lemma [26] .
is non-singular.
Proof. The proof can be found in [26] . 2
This lemma guarantees that the convergence result in Theorem 3.1 for Chebyshev case holds and the bound of the actual error E m = ϕ(t m ) − y m depends on the bound of δn h , where δ n is a bound of the quantity R nj defined in (3.4). Furthermore, R nj depends only on the truncation error for the interpolation polynomial p n (s).
Consequently to proof end, it remains to estimate δ n and then we can improve the inequality (3.16). Let us now estimate the error r n (s) which is Let us rewrite the interpolating polynomial p n (s) in (4.1) as the following Lagrangian form (4.5)
Then, we get the error r n (s) as
We note that the mean-value point ξ(s) in (4.7) depends continuously on s and
for some χ(s) ∈ (−1, 1). Applying the change of variables t = cos s and t j = cos s j , it may be shown that the polynomial u n (s) in (4.6) can be simplified as
where U n−1 (t) is the Chebyshev polynomial of the second kind. In accordance with (4.9), it follows that
Thus, applying (4.8), (4.10) and (4.11) to (4.7) leads to
Also, from (4.7) and (4.9), one can estimate r n (s) with
We can bound R nj with above estimates as follows:
where C is a positive constant arisen from the bound of |f ϕ (t mj , ξ)|. Summarizing the above discussions, from Theorem 3.1, one can have the following convergence theorem.
Theorem 4.1. For a sufficiently small h and all integers m ≥ 0 with mh ≤ T , the actual error E m satisfies
for some constant C independent of h.
Proof. First, estimate δ n = max 1≤j≤n |R nj | using (4.12). Then the proof will be completed by using Theorem 3.1. 2 Remark 4.1. We remark that the convergence analysis is independent of the choice of collocation points. However, we will show that the stability for the proposed scheme is dependent of the choice of collocation points η j .
Stability analysis
For a calculation of the stability domain for the algorithm (2.8), we apply the method to the Dalquist's test problem, ϕ ′ = λϕ. Then, the system (2.8) arrives at
where j = 1, · · · , n and α k are the approximation toφ(s k ) = ϕ(t(s k )). Let A := (a jk ) be a n × n matrix such that
Then, solving the system Ax = b yields the difference equation
where R n (λh) is the last component of the vector A −1 b. For the function R n (z), the stability domain of the method is defined as (see [16, p.16 
In particular, recall that the method is called A-stable if the left-half complex plane is contained in S n . We now present the explicit formula on R n (z) for the presented method in this paper and draw the corresponding stability domain S n using the symbolic calculation with Mathematica for two specific cases about the effects of the chosen collocation points. The first case is to choose collocation points as node points. The second case is to choose collocation points as the mid points of nodes.
Case 1. (Collocation points = node points)
Suppose that we take collocation points as the node points, that is, η j = s j , j = 1, · · · , n. Then, the definition of l k (s) and R n (z) in (4.3) and (5.2) give (1, −1) , −3, 1) , where the notation (a 0 , · · · , a k ) means the polynomial ∑ k j=0 a j z j with respect to z. The Fig. 1 shows the stability domains for S n , n = 2, · · · 5 and it can be observed that A-stability holds only for n = 2. The stability regions widen and violates the left-half complex plane when the degrees of the Chebyshev interpolation polynomial are increasing. This first case is now compared with the case for the chosen collocation points as the mid points of the nodes by calculating the stability domain.
Case 2. (Collocation points = mid points of node points)
Let collocation points η j be
Then it is not same with the mid points of the node points. However, in the sense of
, we call η j the mid points of the node points hereafter. Proof. Let N n (z) and D n (z) be the numerator and denominator of R n (z), respec-
Then, it can be shown that G n (z) = c n xp n (x, y), where z = x + Ey, c n are positive constants and p n (x, y) are polynomials containing only even degree terms with respective to x and y. Here E = √ −1. In fact, some manipulations give 
Numerical test
For solving the linear system occurred in the Newton's iteration for the nonlinear system (2.8), we use LU decomposition for a matrix. We test both a scalar stiff problem and a stiff system of problems. The n-th order CCM with taking collocation points as the node points is denoted by CBDFn, whereas taking collocation points as the mid points of the node points is denoted by MBDFn. In order to confirm the convergence of CBDFn and MBDFn, we are choosing the investigated error as the maximum distance between the approximated solution and the analytic solution at the node points. The rates of convergence are computed by log(Err(h)/Err(h/2))/ log(2), where Err(h) is the absolute maximum error when the mesh size is chosen by h. Example 6.1. As a first example, we test the problem
where λ is a parameter. The exact solution is
The errors of the numerical results obtained from both CBDFn and MBDFn, n = 4, 8, are reported in Table 1 and 2, respectively. The errors of CBDF with MBDF are plotted using the logarithm scale in Figure 2 with the fixed step size 
The exact solution is
With the step size h = 2 −n for various n = 2, 3, · · · , 6 over 2 n steps, the computed errors for CBDF and MBDF are reported in Table 3 
The exact solution is given by
with a parameter λ.
The numerical results and the required computational costs are compared in Table 5 ,6. For λ = 1, the result of MBDF is a little bit superior to that of CBDF with the step size h small enough (see Table 5 ). For a large parameter λ = 50, two results of CBDF and MBDF are quite similar (see Table 6 ). Example 6.4. As a scalar stiff problem, we test the problem taken from [1, 23] 
with the exact solution given by
The solution involves rapidly decaying transient term and hence the problem is a Table 4 Results for Example 6.2, using the sixth-order CCM with different collocation points. Table 5 Results for Example 6.3, using the fourth-order CCM with different collocation points when λ = 1. Table 6 Results for Example 6.3, using the fourth-order CCM with different collocation points when λ = 50. Table 7 Results for Example 6.4, using the fourth-order CCM with different collocation points. Table 7 . The numerical results show that both CBDF4 and MBDF4 have good qualitative similar behaviors. As stated in [22] , the system becomes very stiff for large values of N . The numerical results and the required cpu times of the third-order CBDF and MBDF are presented in Table 8 . Both methods have comparable numerical results for the same spatial mesh size ∆x and time step length h. That is, the error bound does not depend on the choice of collocation points as shown in the mathematical analysis of the previous sections. It can be observed that both methods MBDF and CBDF have a similar error bound and require a similar cpu time.
Conclusion
A generalization of the CCM developed by [21] is discussed using interpolation polynomials of higher degrees and the arbitrary collocation points between interpolation nodes. Also, a concrete abstract convergence analysis is performed and it turns out that the convergence is independent of the choice of collocation points. As a special case, we consider the Chebyshev interpolation polynomials of higher degrees at CGL points and show how the stability region changes depending on the choice of collocation points. It is a remarkable phenomenon that the mid points of the CGL points as collocation points, which makes the role of barrier for A-stability, do only create A-stability.
